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Additive spectra of the 1
4
Cantor measure
Palle E. T. Jorgensen, Keri A. Kornelson, and Karen L. Shuman
Abstract. In this paper, we add to the characterization of the Fourier spectra
for Bernoulli convolution measures. These measures are supported on Cantor
subsets of the line. We prove that performing an odd additive translation
to half the canonical spectrum for the 1
4
Cantor measure always yields an
alternate spectrum. We call this set an additive spectrum. The proof works
by connecting the additive set to a spectrum formed by odd multiplicative
scaling.
1. Introduction
Traditional Cantor sets are generated by iterations of an operation of down-
scaling by fractions which are powers of a fixed positive integer. For each iteration
in the process, we leave gaps. For example, the best-known ternary Cantor set is
formed by scaling down by 13 and leaving a single gap in each step. An associated
Cantor measure µ is then obtained by the same sort of iteration of scales, and, at
each step, a renormalization. In accordance with classical harmonic analysis, these
measures may be seen to be infinite Bernoulli convolutions.
Our present analysis is motivated by earlier work, beginning with [JP98]. We
consider recursive down-scaling by 12n for n ∈ N and leave a single gap at each
iteration-step. It was shown in [JP98] that the associated Cantor measures µ 1
2n
have the property that L2(µ 1
2n
) possesses orthogonal Fourier bases of complex ex-
ponentials (i.e. Fourier ONBs). More recently, it was shown in [Dai12] that the
scales 12n are the only values that generate measures with Fourier bases.
Given a fixed Cantor measure µ, a corresponding set of frequencies Γ of ex-
ponents in an ONB is said to be a spectrum for µ. For example, in the case of
recursive scaling by powers of 14 , i.e. n = 2, a possible spectrum Γ for L
2(µ) has
the form Γ as shown below in Equation (2.4). A spectrum for a Cantor measure
turns out to be a lacunary (in the sense of Szolem Mandelbrojt) set of integers or
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half integers. We direct the interested reader to [Kah85] regarding lacunary series
and their Riesz products.
When n and µ are fixed, we now become concerned with the possible variety of
spectra. Given Γ some canonical choice of spectrum for µ, then one possible way to
construct a new Fourier spectrum for L2(µ) is to scale by an odd positive integer
p to form a set pΓ. While for some values of p this scaling produces a spectrum, it
is known that other values of p do not yield spectra.
This particular question is intrinsically multiplicative: Since µ is an infinite
Bernoulli convolution, the ONB questions involve consideration of infinite products
of the Riesz type. Despite this intuition, we show here (Theorem 4.3) that there
is a connection between this multiplicative construction and a construction of new
ONBs with an additive operation. We are then able to produce even more examples
of these additive-construction spectra.
2. Background
Throughout this paper, we consider the Hilbert space L2(µ 1
4
) where µ 1
4
is the
1
4 -Bernoulli convolution measure. This measure has a rich history, dating back to
work of Wintner and Erdo˝s [Win35, Erd39, Erd40]. More recently, Hutchin-
son [Hut81] developed a construction of Bernoulli measures via iterated function
systems (IFSs). The measure µ 1
4
is supported on a Cantor subset X 1
4
of R which
entails scaling by 14 . In 1998, Jorgensen and Pedersen [JP98] discovered that the
Hilbert space L2(µ 1
4
) contains a Fourier basis — an orthonormal basis of exponen-
tial functions — and hence allows for a Fourier analysis.
For ease of notation, throughout this paper we will write et for the function
e2piit· and for a discrete set Γ we will write E(Γ) for the collection of exponentials
{eγ : γ ∈ Γ}.
There is a self-similarity inherent in the 14 -Bernoulli convolution
(2.1)
∫
X 1
4
f dµ 1
4
=
1
2
∫
X 1
4
f
(1
4
(x+ 1)
)
dµ 1
4
(x) +
1
2
∫
X 1
4
f
(1
4
(x− 1)
)
dµ 1
4
(x)
which yields an infinite product formulation for µ̂ 1
4
:
(2.2) µ̂ 1
4
(t) =
∫
X 1
4
e2piitx dµ 1
4
(x) =
∞∏
k=1
cos
(2pit
4k
)
.
Exponential functions eγ and eξ are orthogonal when
〈eγ , eξ〉 = µ̂ 1
4
(γ − ξ) = 0.
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A collection of exponential functions E(Γ) indexed by the discrete set Γ is an
orthonormal basis for L2(µ 1
4
) exactly when the function
(2.3) cΓ(t) :=
∑
γ∈Γ
|〈et, eγ〉|2 =
∑
γ∈Γ
∞∏
k=1
cos2
(2pi(t− γ)
4k
)
is the constant function 1. We call the function cΓ the spectral function for the set
Γ.
The Fourier basis for µ 1
4
constructed in [JP98] is the set {e2piiγ· : γ ∈ Γ},
where
(2.4) Γ =
{
m∑
i=0
ai4
i : m finite, ai ∈ {0, 1}
}
= {0, 1, 4, 5, 16, 17, 20 . . .}.
If E(Γ) is an orthonormal basis (ONB) for L2(µ 1
4
), we say that Γ is a spectrum
for µ 1
4
. It is straightforward to show that if Γ is a spectrum for µ 1
4
and p is an
odd integer, then E(pΓ) is an orthogonal collection of exponential functions. In
many cases, we find that E(pΓ) is actually another ONB [ LW02, DJ12, JKS11].
This is rather surprising, or at least very different behavior from the usual Fourier
analysis on an interval with respect to Lebesgue measure.
We often refer to the spectrum in Equation (2.4) as the canonical spectrum
for L2(µ 1
4
), while other spectra for the same measure space can be called alternate
spectra.
3. Isometries
In this section, we describe two naturally occurring isometries on L2(µ 1
4
) which
are defined via their action on the canonical Fourier basis E(Γ). Observe from
Equation (2.4) that Γ satisfies the invariance equation
Γ = 4Γ unionsq (4Γ + 1),
where unionsq denotes the disjoint union. We then define
S0 : eγ 7→ e4γ(3.1)
S1 : eγ 7→ e4γ+1 for all γ ∈ Γ.
Since S0 and S1 map the ONB elements into a proper subset of the ONB, they
are proper isometries. Therefore, for i = 0, 1 we have S∗i Si = I and SiS
∗
i is a
projection onto the range of the respective operator. The adjoints of S0, S1 are
readily computed (see [JKS12] for details):
(3.2) S∗0eγ =
{
e γ
4
when γ ∈ 4Γ
0 otherwise
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and
(3.3) S∗1eγ =
{
e γ−1
4
when γ ∈ 1 + 4Γ
0 otherwise.
It is shown in [JKS13, Section 2] that the definitions of S0 and S1 extend to
all en for n ∈ Z, i.e.
(3.4) S0 : en 7→ e4n and S1 : en 7→ e4n+1 ∀n ∈ Z.
For every integer N > 1, there is a C∗-algebra with N generators called the
Cuntz algebra, which we denote by ON [Cun77]. We will describe representations
of O2 which are generated by two isometries on L2(µ 1
4
) satisfying the conditions
below.
Definition 3.1. We say that isometry operators T0, T1 on L
2(µ 1
4
) satisfy Cuntz
relations if
(1) T0T
∗
0 + T1T
∗
1 = I,
(2) T ∗i Tj = δi,jI for i, j = 0, 1.
When these relations hold, {T0, T1} generate a representation of the Cuntz algebra
O2.
From [BJ99, JKS12], we know that S0 and S1 defined in Equation (3.1) satisfy
the Cuntz relations for k = 2, hence yield a representation of the Cuntz algebra
O2 (in fact, an irreducible representation) within the algebra of bounded operators
B(L2(µ 1
4
)).
4. Spectral function decompositions
As we mentioned above, given a spectrum Γ, the frequencies pΓ, for p an odd
integer, generate an orthonormal collection of exponential functions in L2(µ). Given
Γ from Equation (2.4), one question of interest is the characterization of the odd
integers p for which the scaled spectrum pΓ generates an ONB. As a means of
exploring this question, we let Up be the operator
(4.1) Up : eγ 7→ epγ ∀γ ∈ Γ.
Since Up maps an ONB to an orthonormal collection, Up is an isometry and is
unitary if and only if E(pΓ) is an ONB.
The following lemmas provide useful relationships between the isometries S0,
S1, and Up.
Lemma 4.1. Let S0 and S1 be the isometry operators from Equation (3.1). If
ρ is a ∗-automorphism on B(L2(µ 1
4
)), then the operator
W = ρ(S0)S
∗
0 + ρ(S1)S
∗
1
is unitary.
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Proof. Assume ρ is a ∗-automorphism. The Cuntz relations on S0 and S1
give
WW ∗ =
(
ρ(S0)S
∗
0 + ρ(S1)S
∗
1
)(
ρ(S0)S
∗
0 + ρ(S1)S
∗
1
)∗
=
(
ρ(S0)S
∗
0 + ρ(S1)S
∗
1
)(
S0ρ(S
∗
0 ) + S1ρ(S
∗
1 )
)
= ρ(S0)S
∗
0S0ρ(S
∗
0 ) + ρ(S0)S
∗
0S1ρ(S
∗
1 )
+ρ(S1)S
∗
1S0ρ(S
∗
0 ) + ρ(S1)S
∗
1S1ρ(S
∗
1 )
= ρ(S0)ρ(S
∗
0 ) + ρ(S1)ρ(S
∗
1 )
= ρ(S0S
∗
0 + S1S
∗
1 )
= ρ(I) = I
A similar computation proves that W ∗W = I, hence W is unitary. 
Lemma 4.2. Let Mk be the multiplication operator Mkf = ekf . Given p ∈ N
such that Up is unitary, we define the map α˜(X) = UpXU
∗
p on B(L2(µ 14 )). Then
α˜(S0) = S0 and α˜(S1) = Mp−1S1.
Proof. It was proved in [JKS12] that Up commutes with S0 for all odd p,
so α˜(S0) = S0. Since Up is unitary, we have U
∗
pUp = UpU
∗
p = I. We prove that
Mp−1S1Up = UpS1, which is thus equivalent to the statement of the lemma.
UpS1eγ = Upe4γ+1
= e4pγ+p, and
Mp−1S1Upeγ = Mp−1S1epγ
= Mp−1e4pγ+1 by extension of S1 to N
= e4pγ+p
Therefore,
α˜(S1) = UpS1U
∗
p = Mp−1S1UpU
∗
p = Mp−1S1.

We now discover a connection between the scaled spectrum pΓ and what we
call an additive spectrum E(4Γ) ∪ E(4Γ + p). It will turn out that this connection
tells us more about the additive spectra than the scaled spectra.
Theorem 4.3. Given any odd natural number p, if E(pΓ) is an ONB then
E(4Γ) ∪ E(4Γ + p) is also an ONB.
Proof. Since E(pΓ) is an ONB, we have that the operator Up from Equation
(4.1) is a unitary operator. We define the map on B(L2(µ 1
4
)))
(4.2) α˜(X) = UpXU
∗
p .
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Since Up is unitary, it is straightforward to verify that α˜ is a ∗-automorphism on
B(L2(µ 1
4
)).
If we apply α˜ to our operators S0 and S1, we have by Lemma 4.2,
α˜(S0) = S0 and α˜(S1) = UpS1U
∗
p = Mp−1S1.
Define the operator
W˜ := α˜(S0)S
∗
0 + α˜(S1)S
∗
1 = S0S
∗
0 +Mp−1S1S
∗
1 .
Then W˜ is unitary by Lemma 4.1.
We see that if γ ∈ 4Γ, i.e. γ = 4γ′ for some γ′ ∈ Γ, that W˜eγ = W˜S0eγ′ = eγ
since S∗0S0 = I and S
∗
1S0 = 0 by the Cuntz relations. Similarly, if γ ∈ 4Γ+1, hence
γ = 4γ′ + 1 for some γ′ ∈ Γ, then W˜eγ = W˜S1eγ′ = Mp−1S1eγ′ = e4γ′+p. In fact,
W˜ maps E(4Γ + 1) bijectively onto E(4Γ + p). Therefore, since W˜ is unitary, we
can conclude that E(4Γ) ∪ E(4Γ + p) is an ONB for L2(µ 1
4
). 
We now address the spectral functions—recall Equation (2.3)—for our additive
sets. We can use the splitting Γ = (4Γ) ∪ (4Γ + 1) to divide the spectral function
for Γ into the corresponding terms
cΓ(t) =
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ)|2 +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ − 1)|2.
Denote the sums on the right-hand side of the equation above by c0(t) and c1(t)
respectively. More generally, denote
(4.3) cm(t) =
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ −m)|2.
Proposition 4.4. The function c1 is 2-periodic.
Proof. By Theorem 4.3 the sets (4Γ)∪ (4Γ + 5) and (4Γ)∪ (4Γ + 7) are both
spectra for µ — this follows because it is known (see, for example, [ LW02]) that
the scaled sets 5Γ and 7Γ are spectra. We therefore have
1 = c0(t) +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ − 5)|2 = c0(t) +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ − 7)|2.
Using the fact that the set Γ itself is also a spectrum, we have
1 = c0(t) + c1(t) = c0(t) + c5(t) = c0(t) + c7(t)
for all t ∈ R. Hence
c1(t) = c5(t) = c7(t) ∀t ∈ R.
But we also observe that c5(t) = c1(t− 4) and c7(t) = c1(t− 6), so the function c1
is both 4-periodic and 6-periodic, hence is 2-periodic. 
Corollary 4.5. The function c0 is 2-periodic.
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Figure 1. Numerical estimate of c1, with 16 factors in the product
and 128 terms in the sum.
We next observe that Theorem 4.3 is a stepping stone to the following result.
Theorem 4.6. Given any odd integer p, the set E[(4Γ)∪ (4Γ + p)] is an ONB
for L2(µ).
Proof. This is a direct result of Proposition 4.4. The spectral function forE[(4Γ)∪
(4Γ + p)] can be written in the two parts∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ)|2 +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− (4γ + p))|2.
When p = 1, we have the canonical ONB in the 14 case. Otherwise, using the
2-periodicity of c0, we have
c0(t) + cp(t) =
∑
γ∈Γ
∞∏
k=1
|µ̂(t− 4γ)|2 +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− (4γ + p))|2
=
∑
γ∈Γ
∞∏
k=1
|µ̂(t− (p− 1)− 4γ)|2 +
∑
γ∈Γ
∞∏
k=1
|µ̂(t− (4γ + 1)− (p− 1))|2
= c0(t− p+ 1) + c1(t− p+ 1) ≡ 1.
Since the spectral function is identically 1, the set E[(4Γ)∪ (4Γ+p)] is an ONB
for L2(µ). 
Acknowledgements
The authors would like to thank Allan Donsig for helpful conversations while
writing an earlier version of this work.
8 P.E.T. JORGENSEN, K.A. KORNELSON, AND K.L. SHUMAN
We mention here that the existence of the spectra that we call the additive
spectra for µ 1
4
is not new. They are among the examples described, from a different
perspective, in Section 5 of [DHS09].
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